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o001 PASOS A SEGUIR PARA PODER FORMULAR UN CURSO 2004-5
ELEMENTOS CUADRILATERO

Isoparametric Quadrilaterals

Implementation Steps for Element Stiffness Matrix:

1. Construct Shape Functions in Quad Coordinates
(Chapter 18 is devoted to this topic)

2. Compute x-y Derivatives of Shape Functions and
Build Strain-Displacement Matrix B

3. Integrate h B1E B over element

001 CALCULO DE LAS DERIVADAS PARCIALES DE LAS CURSO 2004-5
FUNCIONES DE FORMA

Partial Derivative Computation

Shape functions are written-in terms of & and 1
But Cartesian partials (with respect to x,y) are
required to get strains & stresses
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o001 NECESITAMOS CALCULAR LAS MATRICES JACOBIANA CURSO 2004-5
Y SU INVERSA

The Jacobian and Inverse Jacobian

- dx  Ox
a-15 | [a]-o o]
dy |~ | 9y dv dn | dn
L 9 an d
[dg]_ ax  dx [dx]_J_r[dx}
dn |~ | dn  On dv |~ dy
L ox  ay

in which

di\ ()71 0 9n
J— dx,y) |3 9 | _[Jun i 51— &, n) ax O
(&, n) 3_‘» dy S Jn |’ a(x,y) ﬁ on

. an  dn dy 9y
J = |J = detJ
001 Y LAS DERIVADAS PARCIALES DE LAS FUNCIONES CURSO 2004-5
DE FORMA

Shape Function Partial Derivatives

Using chain rule

ajvi(e) 8}\@&?) 85 8M(€) an

x 9t ox | on ox
8M(€) B 8M(€) d:‘;" N 8M(€) 87]
dy  IE dy n Ay

Main problem is to get 9§ dn 95 91y

dx ox dy dy
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601 CON LO QUE LOS ELEMENTOS DE LA INVERSA DE LA CURSO 2004-5
MATRIZ JACOBIANA SERAN LOS QUE NECESITAMOS
The Jacobian and Inverse-Jacobian Matrices
Compute the 2 x 2 Jacobian matrix
dx  dy
a(x, ) dE O —‘
CAE LE)x ayJ
an  Jdn
Then invert to get "
d&E  dn —|
1 — A&, n _ ?x ?x ﬁ&xﬁxffhemigrethe
A(x,y) L & dn J quantities we need
dy dy for the S.F. partials
001 PARA CALCULAR LOS ELEMENTOS DE LA MATRIZ CURSO 2004-5

JACOBIANA TENDREMOS QUE HACER LO SIGUIENTE

Use the element geometry definition

n
X = in.NI.(e)

V= ZH:J’::NJT(Q)

i=1 i=l1
ox Z”: 9 Ni(e) Jy A B NI_“’)
By g @ WP 5 B
TP T 06~ & o
Br i AN 3y & IN©
e — X 4 P = Z 1}; E .
P i ‘ ~
o 4= an o = an
because the x; and y; do not depend on & and 5. In matrix form:
IN® AN, IN@ T [x »
_pxo| 06 o o || 2
v J=pR= AN NS IN© P
an an an X, ¥V,

(17.8)

Given a quadrilateral point of coordinates &, 17 we can calculate the entries of J using (17.8). The

inverse Jacobian J~! may be obtained by numerically inverting this 2 x 2 matrix.

The symbolic inversion of J for arbitrary &, n in general leads to extremely complicated expressions unless
the element has a particularly simple geometry, (for example rectangles as in Exercises 17.1-17.3). This was
one of the factors that motivated the use of Gaussian numerical quadrature, as discussed below.
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o001 AQUI ESTA LA SECUENCIA DE PASOS A SEGUIR CURSO 2004-5
PARA OBTENER LAS DERIVADAS PARCIALES DE LAS
FUNCIONES DE FORMA

Partial Derivative Computation
Sequence Summary

At a specific point of quad coordinates & and 1:

dx Jdy Odx dy ’
—— = = = from node coordinates and S.F.s
Compute 9 9E 9n on

0

Form J and invert to get J7! and det J

Apply the chain rule to get the x, y partials of the S.F.s

001 CALCULO DE LA MATRIZ DEFORMACIONES CURSO 2004-5
DESPLAZAMIENTOS

The Strain Displacement Matrix B

Use those S.F.s partials to build the strain-displacement
matrix B:

— o arie) A arle) ~arie) -
d*f\l D dj\«z 0 61\” D
dx ox dx
o arle) aarie) am a arie)
c”\f dl\' dj\f
e = 0 s 0 2z . 0 2 | u'® =Bu"
dy @y B Vv
A arle) A arl(el A arle) A arie) A arle) a4 ar(e)
d]\ 1 df\«l df\«z df\fz JJ\'” d;\'”
L dy dx dy ax ay dx

Unlike the 3-node triangle, here B = B(,1)) varies over quad
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o001 INTEGRACION NUMERICA MEDIANTE LAS REGLAS DE CURSO 2004-5
GAUSS

One Dimensional Gauss Integration Rules

1 P
f F&)ds =) w,F&)).
=] i=1

1

One point: f F(&)deE = 2F(0),

~1
1

Two points: fjﬂadfiF@dA@y+FUA@L
~1

. : 5 8 5

Three points: [ F&)dE = §F(—\/3/5) + §F(0) + §F(\/ 3/5)

~1

For 4 and 5 points sece Notes

001 REPRESENTACION GRAFICAS REGLAS CURSO 2004-5
UNIDIMENSIONALES

Graphical Representation of the First Five
One-Dimensional Gauss Integration Rules

(J) . J)p:l

O——_ @—p=2
Q=0 L =0 ) =3
Qe ® & -0 p =4
0 p=5
S=-1 E=1
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001

NOTAS SOBRE LAS REGLAS UNIDIMENSIONALES CURSO 2004-5
1

Four points: [ F(&)dé ~ wisF(§14) + waa F (E24) + w3a F(E34) + wag F(E44),
1

1
Five points: [ F(&)dé =~ wisF(§15) + wasF (&) + wss F(&35) + was F(&45) + wss F(&ss).
.

(17.11)
For the 4-point rule, &34 = —&y = /(3 —2/6/5)/7, &gy = —E153 = V(B3 +2./6/5)/7, wiy =

Wyy = %— % 5/6, and wyy = w3 = %—I—% 5/6. For the five point rule &5 = —£&15 =

W35+ 2J10/7, &is = —f35 = 15— 2J/10/7, &35 = 0, wis = wss = (322 — 134/70)/900,
was = wys = (322 + 134/70)/900 and wss = 512/900.

The rules (17.11) integrate exactly polynomials in & of orders up to 1, 3, 5, 7 and 9, respectively.
In general a one-dimensional Gauss rule with p points integrates exactly polynomials of order up
to 2p — 1. This is called the degree of the formula.

A more general integral, such as F(x) over[a, b]inwhich¢ = b—a > 0, istransformed to the canonical interval
[—1, 1] through the the mapping x = fa(l — &)+ 1b(1 4+ &) = J(a+b) + 1€E, or & = (2/0)(x — 2(a+D)).
The Jacobian of this mapping is J = dx /d§ = %K. Thus

b 1 1
]me=fpwwﬁ=/F@gﬁ. (17.12)

1 -1

Higher order Gauss rules are tabulated in standard manuals for numerical computation. For example, the
widely used Handbook of Mathematical Functions [17.1] tabulates (in Table 25.4) rules with up to 96 points.
For p > 6 the abscissas and weights of sample points are not expressible as rational numbers or radicals, and
can only be given as floating-point numbers.

001

IMPLEMENTACION EN “MATHEMATICA” CURSO 2004-5

The following Mathematica module returns exact or floating-point information for the first five
unidimensional Gauss rules:

LineGaussRuleInfo[{rule_,numer_},point_] := Modulel[
{g2={-1,1}/8qrt[3] ,w3={5/9,8/9,5/9},
g3={-Sqrt [3/5],0,Sqrt [3/5]},
w4d={(1/2)-Sqrt[5/6]1/6, (1/2)+Sqrt[5/6]1/6,
(1/2)+8qrt[5/61/6, (1/2)-Sqrt([5/6]1/6},
g4={-Sqrt [(3+2xSqrt[6/5]) /7],-Sqrt [(3-2%Sqrt [6/5]) /7],
Sqrt [(3-2*Sqrt[6/5]) /7], Sqrt[(3+2xSqrt[6/5])/7]},
gb={-3qrt [5+2*3qrt [10/7]] ,-Sqrt [6-2*3qrt [10/7]],0,
Sqrt [6-2*Sqrt[10/7]1], Sqrt[5+2xSqrt[10/71]1}/3,
w5={322-13*Sqrt [70],322+13*Sqrt [70],512,
322+13*Sqrt [70] ,322-13%Sqrt [70]1}/900,

i=point,p=rule,info={Null,0}},

If [p==1, info={0,2}];

If [p==2, info={g2[[il],1}];

If [p==3, info={g3[[il]1,w3([[il]1}];

If [p==4, info={g4[[il],w4[[i]]1}];

I1f [p==5, info={gb[[il1],w5[[i]1]1}];

If [numer, Return([N[info]], Return[Simplify[info]l]];
13
To get information for the /" point of the p" rule, inwhich 1 < i < pand p = 1. 2, 3. 4. 5, call the
module as { xi,wi }=LineGaussRuleInfo[{p,numer },i]. Logical flag numer is True to get nu-
merical (floating-point) information, or False to getexactinformation. The module returns the sam-
ple pointabeissa &; inx1 and the weight w; inwi. Example: LineGaussRuleInfo[{3,False},2]
returns { 0,8/9}. If p is not in range 1 through 5, the module returns { Null1,0}.
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o001 REGLAS DE GAUSS PARA PROBLEMAS CURSO 2004-5
BIDIMENSIONALES
REGLAS DEL PRODUCTO

Two Dimensional Product Gauss Rules

Canonical form of integral:

1 1 1 1
f f F(E, n)dE dn = f dn f F(E, n) dE.
—1 =1 —1 —1

Gauss integration rules with p, points in the § direction
and p, points in the 1 direction:

1 el 1 1 P
f ] F(&,n)d&dn :f dn[ FE, n)dés ~ ZZwiij(S,;‘nj).
| -1 -1

i=1 j=l1

Usually p;=p,

001 REPRESENTACION GRAFICAS REGLAS CURSO 2004-5
BIDIMENSIONALES

Graphical Representation of the First Four
2D Product-Type Gauss Integration Rules

o

with Equal # of Points p in Each Direction

8 —wv. 2005




001

IMPLEMENTACION EN “MATHEMATICA” CURSO 2004-5

The following Mathematica module implements the two-dimensional product Gauss rules with |
through 5 points in each direction. The number of points in each direction may be the same or
different.

QuadGaussBRuleInfo[{rule_,numer_},point_]:= Module[
{xi,eta,pl,p2,i1,i2,wl,w2,k,info={{Null,Null}, 0},
If [Length[rule] ==2, {pil,p2}=rule, pl=p2=rule];
If [Length[point]==2, {il,i2}=point,
k=point; i2=Floor[(k-1)/pl]+1; il=k-p1*(i2-1) ];
{xi, wil}= LineGaussRuleInfo[{pl,numer},il];
{eta,w2}= LineGaussRuleInfo[{p2,numer},i2];
info={{xi,eta},wixw2};
If [numer, Return[N[info]], Return[Simplify[info]]];
i}
If the rule has the same number of points p in both directions the module 1s called n either of two
ways:

{{xii,etaj},wij}=QuadGaussRulelInfo[{p,numer}, {i,j}] (17.15)
{{xii,etaj},wij}=QuadGaussRuleInfo[{p,numer}, k ] o

The first form is used to get information for point {7, j} of the p x p rule, m which 1 <7 < p and

1 < j < p. The second form specifies that point by a “visiting counter” & that runs from 1 through
p?*;if so {i, j} are internally extracted? as j=Floor [(k-1)/p]l+1; i=k-p*(j-1).

It the integration rule has p; points in the & direction and p; points in the n direction, the module
may be called also in two ways:

{{xii,etaj},wij}=QuadGaussRuleInfol[{{pl,p2},numer}, {i,j}]
. . I (17.16)
{{xii,etaj},wij}=QuadGaussRuleInfol[{{pl,p2},numer}, k ]
0

The meaning of the second argument 1s as follows. In the first form7 runs from 1 to p; and 7 from 1 to
p2. Inthe second form & runs from 1 to py p,: if'soi and j areextracted by j=Floor [(k-1)/pl]+1;
i=k-pl*(i-1).

In all four forms, logical flag numer is set to True if numerical information is desired and to False
if exact information 1s desired. The module returns & and 5; in xii and etaj, respectively, and
the weight product w;w; in wij. This code is used in the Exercises at the end of the chapter. If the
inputs are not in range, the module returns { { Null,Null},0}.
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o001 CALCULO DE LA MATRIZ DE RIGIDEZ CURSO 2004-5

Gauss Integration of Stiffness Matrix

o

K®© = f hBTEBJQ®
Q(e]

Rewrite 1n canonical form:

1 pl
K¢ = f f F(&, n)dé& dn.
i

dQ® = dx dy = detd d& dn.
F(&,n) = hB'EBdetJ.

where

Then apply the rule to F (a 2n X 2n matrix)

1 1 1 1 2 25
f f F(§,J7)d$d?7=f dn[ F(&, n)dé ~ E Zu w; F (&, ).
1 of =1 -1 -1

i=1 j=

001 INTERPRETACION GEOMETRICA DEL DETJ CURSO 2004-5

Geometric Interpretation of
Jacobian Determinant det J = |J|

o
i
an af __——>E
_»,\w
dy
o
7 x 9 g =
ox ax € In
j4d= 0B x 04 ="—d& —d ) — —dn —d = | & d& d,
‘ décéu) oy 9E 1 oy oy T4
0E  OIn

= |J|d& dn.
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001

EJERCICIO © - EXPLICACION MODULO CURSO 2004-5
“MATHEMATICA”

Quad 4 Element Formation in Mathematica:
Stiffness Computation Module

Quad4IsoPMembraneStiffness [ncoor ,mprop ,fprop ,options ]:=
Module[{i,k,p=2,numer:False,Emat,th=1,h,qcoor,c,w,Nf,
dNx, dNy, Jdet,B,Ke=Table[0,{8},{8}]1}, Emat=mprop[[1]];
If [Length[options]==2, {numer,p}=options, {numer}=options];
If [Length[fpropl >0, th=fpropl[[l1l]]1]:
If [p<ld|p>4, Print["p out of range"];Return[Null]];
For [k=1, k<=p*p, k++,
{gcoor,w}= QuadGaussRuleInfo [{p,numer}, k] ;
{Nf, dNx, dNy, Jdet }=Quad4IsoPShapeFunDer [ncoor, gcoor] ;

If [Length[th]==0, h=th, h=th.Nf]; c=w*Jdet*h;

B={ Flatten[Table[{dNx[[i]], 0} 41,41,
Flatten[Table[{0, ANy [[i11},{1,4}11,
Flatten[Table [{dNy[[i]],dNx[[i11},{i,4}11};

Ke+=Simplify [c*Transpose[B] . (Emat.B)];

1:; Return [Ke]
1:

Quad 4 Element Formation in Mathematica:
Shape Functions and Their Derivatives

Quad4IscoPShapeFunDer [ncoor ,qgcoor 1:= Modulel

{Nf,dNx,dNy, dN{ ,dNn,i,J11,J12,J21,J22,Jdet,§,n,x1,x2,x3,x4,
Y1,¥2,¥3,v4,X,¥},

{€,n}=gcoor; {{x1,y1},{x2,y2},{x3,y3},{x4,y4}}=ncoor;
NE={ (1-E)*(1-m), (14&) * (1-m), (1+E) * (1+m) , (1-E) * (1+m) }/4;
dNE ={-(1-m), (1-m), (1+m),-(1+1m) }/4;
dNn= {-(1-£),-(1+8), (148), (1-§)}/4;
x={x1,x2,x3,x4}; yv={yv1l,v2,y3.,v4};:

J11=dN{.x; J12=dN{.y; J21=dNn.x; J22=dNn.y;
Jdet=Simplify [J11*J22-J12*J21];

dNx= ( J22*dNE-J12*dNn) /Jdet; dNx=Simplify [dNxX];
dNy= (-J21*dNE+J11*dNn) /Jdet; dNy=Simplify [dNy];
Return [{Nf, dNx, dNy, Jdet}]
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o001 EJERCICIO © - EXPLICACION MODULO CURSO 2004-5
“MATHEMATICA” (CONT.)

Quad 4 Element Formation in Mathematica:
2D Gauss Quadrature Rule Information

QuadGaussRuleInfo[{rule ,numer },point ]:= Module]
{xi,eta,pl,p2,il,12,wl,w2,k,info=Null},
If [Lengthl[rulel==2, {pl,p2}=rule, pl=p2=rulel;
If [Length[point]==2, {il,i2}=point,

k=point; i2=Floor[(k-1)/pll+1l; il=k-pl*(i2-1) ];

{xi, wl}= LineGaussRuleInfo[{pl,numer},il];
{eta,w2}= LineGaussRuleInfo[{p2,numer},i2];
info={{xi,eta},wl*w2};
If [numer, Return[N[info]], Return[Simplify[info]ll];

Works for any combination of
p, = 1.2,3,4,5 and py= 1.2.34.5
Calls 1D Gauss rule module of next slide twice

Quad 4 Element Formation in Mathematica:
1D Gauss Quadrature Rule Information

LineGaussRuleInfo[{rule ,numer },point ]:= Module[
{g2={-1,1}/8qrt[3],w3={5/9,8/9,5/9},
g3={-8qrt[3/5]1,0,8qrt([3/5]},
w4={(1/2)-Sqrt[5/61/6, (1/2)+Sqrt[5/61/6,
(1/2)+Sqrt[5/61/6, (1/2)-Sqrtl[5/61/6},
g4={-Sqrt[(3+2*Sqrt[6/5]1)/7]1,-Sqrt[(3-2*Sqrt[6/5]1) /71,
Sqgrt[(3-2*Sqrt[6/5]1) /71, Sqrt[(3+2*Sqrt[6/51)/71},
g5={-8qrt [5+2*Sqrt[10/7]1],-Sqrt[5-2*Sqrt[10/711,0,
Sqrt[5-2*Sqrt[10/7]1]1, Sqrt[5+2*Sqrt[10/711}/3,
w5={322-13*%5qrt[70],322+13*Sqrt[70],512,
322+13*Sqrt[70],322-13*Sqrt[70]}/900,
i=point,p=rule,info={Null,0}},
If [p==1, info={0,2}1;
If [p==2, info={g2[[i]],1}];
If [p==3, info={g3[[11]1,w3[[1i1]1}];
If [p==4, info={g4[[i]l],w4[[i11}];
If [p==5, info={g5[[i]],w5[[1i11}];
If [numer, Return[N[info]], Return[Simplifyl[infolll;
1; o

Works for p =1,2,3,4,5

12 —v. 2005




001

SIGNIFICADO DE LOS ARGUMENTOS CURSO 2004-5

ncoor

mprop

fprop

options

Quadrilateral node coordinates arranged in two-dimensional list form:
t{x1,y1},0x2,y2},{x3,y3 1}, {x4,y4}}.

Material properties supplied as the list { Emat ,rho ,alpha}. Emat is a two-dimensional
list storing the 3 x 3 plane stress matrix of elastic moduli:

Ell EIE El?
E=|E, E, Ej; (E17.1)
E13. E.‘S E33

If the material is isotropic with elastic modulus £ and Poisson’s ratio v, this matrix
becomes

E 1 v 0
E=——|v 1 0 (E17.2)
" lo oo fa-w

The other two items in mprop are not used in this module so zeros may be inserted as
placeholders.

Fabrication properties. The plate thickness specified as a four-entry list: { h1,h2,h3,h4 },
a one-entry list: {h}, or an empty list: { }.

The first form is used to specify an element of variable thickness, in which case the
entries are the four corner thicknesses and / is interpolated bilinearly. The second form
specifies uniform thickness h. If an empty list appears the module assumes a uniform
unit thickness.

Processing options. This list may contain two items: {numer,p } or one: { numer }.

numer is a logical flag with value True or False. If True, the computations are forced
to proceed in floating point arithmetic. For symbolic or exact arithmetic work set numer
to False.”

p specifies the Gauss product rule to have p points in each direction. p may be 1 through
4. For rank sufficiency, p must be 2 or higher. If pis 1 the element will be rank deficient
by two.” If omitted p = 2 is assumed.

The module returns Ke as an 8 x 8 symmetric matrix pertaining to the following arrangement of nodal

displacements:

U9 = [y Uy U Uyl liys  llyy S [ (E17.3)
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o001 ELEMENTO UTILIZADO EN LOS EJERCICIOS CURSO 2004-5

Quad4 Element Formation in Mathematica
HW Exercises l7.l@thr0ugh 17.3

1/‘
A Uniform thickness 77 = 1
4 | n 3 Isotropic material with elastic
/ : O  modulus £ and Poisson's ratio v
T |
b =y o - |EECEESEEEE RS RE -
J’ |
|
|
n Y : ra : x
1(.« ; \)2
- d >

y =b/a, ¥ = A +v)y, ¥ = (1 =30y,

Y3 =1—v+2p2 Yy =2+1 -0y s =1—v—Ay? yy=1—-v—pi ¢y =4 — (1 —v)p? and
g =1 — (1 —v)p?. Then

[T dals =3y 25 3y —dibg —3vs =243 3y T
Ay =33 dfrg 39y =247 3y =2y
dfry 3y =243 =3¢ —Ars 300

K® — Eh Ay =3y =244 =3¢ —2Yy (E17.4)

24y (1 —v?) A5 3yn 2Ps 3y
Ay 3y Ay
dyrs =3,

| symm My
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001 EJERCICIO 1 CURSO 2004-5
[C:15] Exercise the Mathematica module of Figure E17.1 with the following script:

ClearAll[Em,nu,a,b,h]; Em=48; h=1; a=4; b=2; nu=0;
ncoor={{0,0},{a,0},{a,b},{0,b}};
Emat=Em/(1-nu~2)*{{1,nu,0},{nu,1,0},{0,0, (1-nu) /2}};
For [p=1, p<=4, p++,
Ke= Quad4IsoPMembraneStiffness[ncoor,{Emat,0,0},{h},{True,p}];
Print["Gauss integration rule: ",p," x ",pl;
Print["Ke=",Chop[Ke]//MatrixForm] ;
Print["Eigenvalues of Ke=",Chop[Eigenvalues[N[Ke]]]]
1;

Verify that for integration rules p= 2, 3, 4 the stiffness matrix does not change and has three zero eigenvalues,
which correspond to the three two-dimensional rigid body modes. On the other hand, for p = 1 the stiffness
matrix 1s different and displays five zero eigenvalues, which is physically incorrect. (This phenomenon is
discussed in detail in Chapter 19.) Question: why does the stiffness matrix stays exactly the same for p > 27
Hint: take a look at the entries of the integrand "B EB J — for a rectangular geometry are those polynomials
m & and 1, or rational functions?

001 EJERCICIO 2 CURSO 2004-5

[C:20] Check the rectangular element stiftness closed form given in (E17.4). This may be done by hand (takes
a few days) or running the following script that calls the Mathematica module of Figure E17.1:

ClearAll [Em,v,a,b,h]; b=*a;

ncoor={{0,0},{a,0},{a,b},{0,.b}};

Emat=BEn/ (1-v*2)*{{1,v,0},{v,1,0},{0,0, @-v)/2}};

Ke= Quad4IsoPMembraneStiffness [ncoor, {Emat,0,0},{h}, {False,2}];
scaledKe=Sinplify [Ke* (24*y* (1-v"2) /(Em*h))];

Print ["Ke=",Em*h/ (24%* (1-v"2)),"*\n",scaledKe//MatrixForm] ;

Figure E17.3. Script suggested for Exercise El7§,§2.

The scaling introduced in the last two lines is for matrix visualization convenience. Verify (E17.4) by printout
mspection and report any typos to instructor.
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